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PERTURBATIONS OF FUNCTIONAL DIFFERENTIAL
SYSTEMS

DoNnc MAN IMm*

ABSTRACT. We show the boundedness and uniform Lipschitz sta-
bility for the solutions to the functional perturbed differential sys-
tem

t

V= )+ [ 9l u(s). Tiul)ds + bt y(0), Tey(t),
to

under perturbations. We impose conditions on the perturbed part

f:o g(s,y(s), Tiy(s))ds, h(t,y(t),T>y(t)), and on the fundamental

matrix of the unperturbed system y’ = f(t,y) using the notion of

h-stability.

1. Introduction and Preliminaries

We consider the nonlinear nonautonomous differential system

(1.1) 2(t) = f(t,z(t),  w(to) = o,
and the perturbed differential system of (1.1) including an operator T
such that

(1.2)
Y = flty) + / o(s,9(s), Try(s))ds + h(t, y(t), Toy (1)), y(to) = v,

to
where f € C(RT x R"R"), g,h € C(Rt x R® x R",R") , RT =
[0,00), f(t,0) =0, g(¢,0,0) = h(t,0,0) = 0, and T}, T, : C(RT,R") —
C(RT,R™) are continuous operators and R" is an n-dimensional Eu-
clidean space. We always assume that the Jacobian matrix f, = 0f/0x
exists and is continuous on R* x R™. Let x(t, to, o) denote the unique
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solution of (1.1) with z(to, to, x9) = xo, existing on [tg, 00). Then we can
consider the associated variational systems around the zero solution of
(1.1) and around x(t), respectively,

(1.3) V'(t) = fo(t,0)v(t), v(ty) = vo
and
(1.4) 2 (t) = fo(t, z(t, to, 20))2(t), 2z(to) = 20.

The fundamental matrix ®(t, ¢, zo) of (1.4) is given by

q)(tv lo, 330) = 8?301'({;? lo, xO)a
and ®(t,10,0) is the fundamental matrix of (1.3).

Pachpatte [20,21] investigated the stability, boundedness, and the
asymptotic behavior of the solutions of perturbed nonlinear systems
under some suitable conditions on the perturbation term g and on the
operator 7.

Pinto [22,23] introduced the notion of h-stability (hS) with the inten-
tion of obtaining results about stability for a weakly stable system (at
least, weaker than those given exponential asymptotic stability) under
some perturbations. That is, Pinto extended the study of exponential
asymptotic stability to a variety of reasonable systems called h-systems.
Choi, Ryu and Koo [7,8] investigated h-stability of solutions for nonlin-
ear perturbed systems. Goo [11,12] and Im [15] studied the boundedness
of solutions for the nonlinear perturbed differential systems.

The notion of uniformly Lipschitz stability (ULS) was introduced by
Dannan and Elaydi [10]. This notion of ULS lies somewhere between
uniformly stability on one side and the notions of asmptotic stability
in variation of Brauer [4] and uniformly stability in variation of Brauer
and Strauss [3] on the other side. An important feature of ULS is that
for linear systems, the notion of uniformly Lipschitz stability and that
of uniformly stability are equivalent. However, for nonlinear systems,
the two notions are quite distinct. Im and Goo [16-18] studied uniform
Lipschitz stability and asymptotic properties of solutions for nonlinear
perturbed systems.

In this paper, we investigate the boundedness and uniform Lipschitz
stability for the solutions of the perturbed functional differential systems
via teo-similarity.

Now, we recall some definitions of stability. The symbol | - | will be
used to denote any convenient vector norm on R™.
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DEFINITION 1.1. [10] The system (1.1) (the zero solution z = 0 of
(1.1)) is called

(S) stable if for any € > 0 and ty > 0, there exists 6 = d(tg,€) > 0
such that if |xg| < J, then |z(t)| < € for all t >ty > 0,

(US) uniformly stable if the ¢ in (S) is independent of the time to,

(ULS) wniformly Lipschitz stable if there exist M > 0 and 6 > 0 such
that |z(t)| < M|xo| whenever |z| < § and ¢t > t9 > 0,

(ULSV) uniformly Lipschitz stable in variation if there exist M > 0
and 0 > 0 such that |®(¢,t9,z0)| < M for |xg| <0 and t >ty > 0.

DEFINITION 1.2. [23] The system (1.1) (the zero solution z = 0 of
(1.1)) is called (hS) h—stable if there exist ¢ > 1, § > 0, and a positive
bounded continuous function 2 on RT such that

[2(t)] < ¢lzo| A(t) h(to) ™"

for t > to > 0 and |zo| < §, (here h(t)™! = W)

Let M denote the set of all n x n continuous matrices A(t) defined on
R*™ and A be the subset of M consisting of those nonsingular matrices
S(t) that are of class C! with the property that S(t) and S~1(t) are
bounded. The notion of t-similarity in M was introduced by Conti

[9]-

DEFINITION 1.3. A matrix A(t) € M is t-similar to a matrix B(t) €
M if there exists an n x n matrix F(t) absolutely integrable over R™,
ie.,

/OO [F()|dt < oo
0

such that

(1.5) S(t)+ S(t)B(t) — A(t)S(t) = F(t)
for some S(t) € V.

The notion of ty-similarity is an equivalence relation in the set of
all n x n continuous matrices on R*, and it preserves some stability
concepts [9,14].

Before proceeding to the statement of main results, we give some
known results.

LEMMA 1.4. [23] The linear system
(1.6) = A(t)z, z(ty) = o,
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where A(t) is an n X n continuous matrix, is an h-system (respectively
h-stable) if and only if there exist ¢ > 1 and a positive and continuous
(respectively bounded) function h defined on R* such that

(1.7) |®(t, o, x0)| < ch(t)h(ty)™"
for t >ty > 0, where ®(t,tg, zg) is a fundamental matrix of (1.6).

We consider Alekseev formula to compare between the solutions of
(1.1) and the solutions of perturbed nonlinear system

(1.8) y' = f(t,y) + g(t,y), y(to) = o,

where g € C(RT x R",R") and g(¢,0) = 0. Let y(t) = y(¢, to, yo) denote
the solution of (1.8) passing through the point (¢o,yo) in RT x R".

The following is a generalization to nonlinear system of the variation
of constants formula due to Alekseev [1].

LEMMA 1.5. [2] Let x and y be a solution of (1.1) and (1.8), re-
spectively. If yo € R™, then for all t > ty such that x(t,to,yo) € R",
y(tat()?y()) € Rn7

y(t to, o) = (t,to, yo) + [i. ®(t, 5,5(s)) 9(s,y(s)) ds.

THEOREM 1.6. [7] If the zero solution of (1.1) is hS, then the zero
solution of (1.3) is hS.

THEOREM 1.7. [8] Suppose that f(t,0) is ts-similar to f(t,z(t,to, zo))
for t >ty > 0 and |zg| < ¢ for some constant 6 > 0. If the solution
v =0 of (1.3) is hS, then the solution z = 0 of (1.4) is hS.

LEMMA 1.8. (Bihari — type inequality) Let u,A € C(R"), w €
C((0,00)) and w(u) be nondecreasing in u. Suppose that, for some
c >0,

u(t) < e+ [ Ms)w(u(s))ds, t > to > 0.
Then
u(t) < W [W(c) + ) A(s)ds}, to <t < by,

where W (u) = [ 45 W1 (u) is the inverse of W (u) and

up w(s)
by = sup {t >to: W(e) + ftto A(s)ds € domWfl}.

For the proof we need the following lemma and three corollaries.
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LEMMA 1.9. [13] Let u,\; € C(R™) for 0 < i < 10, w € C((0,00)),
and w(u) be nondecreasing in u, v < w(u). Suppose that for some ¢ > 0
and 0 < tg < t,

u(t) <ec+ t Ao(s)u(s)ds + t A1 (s)w(u(s))ds
+ /t Mo (s) /t (Aa(Pu(r) + Ma(ruwu(m) + Aa(r) /t " re(ryu(r)dr

Fan(r) / ’ Ns(r)u(u(r))dr ) drds + / "No(s) / " Ao(F)ul(r)drds.

to to to
Then, we have

w@) W@ + [ (0(6) 4 ule) 4 2a(6) [ (sl + 0a(r) +

to to
As(7) /t " As(r)dr + Aq () /t " As(P)dr)dr + Mofs) /t “Nuo()dr)ds].

0 0 0
where tg < t < by, W, W~ are the same functions as in Lemma 1.8,
and

blzsup{t>t0 () + Ji£ (Ro(s) + Aa(s) + Aa(s) [ (Na(7)
FA4(T) + A5(T ft X6 (r)dr + A7 (T ft Ag(r)dr)dr
+a(s) fi2 Mo(7)dr)ds € domW .

COROLLARY 1.10. Let u,\; € C(RT) for 0 < i <8, w € C((0,00)),
and w(u) be nondecreasing in u, v < w(u). Suppose that for some ¢ > 0
and 0 <ty <'t,

u(t) Sc—i—/ )\g(s)u(s)ds—l-/ A1(s)w(u(s))ds

to to

_|_/t A2 (s) /ts()\3<7')u(7') + A (m)w(u(r))

+5(7) ’ X6 (T)u(r)dr)drds + /t A7(s) [ As(T)u(r)drds.

to to to
Then, we have

u(t) < W W(e) + / t (o) + X (5) + Aals) / ") + ()

to to

Fas(r) / " Ae(r)dr)dr + Ar(s) / ) Ns(r)dr)ds].

to to
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where tqg < t < by, W, W~ are the same functions as in Lemma 1.8,
and

blZSUp{tZto +ft (Ao(s) + Ai(s) + Aa(s ft)\s
FA(T) 4+ 25(7) 7 Ae(r)dr)dr + Ae(s) [ As(r)dr)ds € domW .

COROLLARY 1.11. Let u, \; € C(RY) for 0 < i <6, w € C((0,00)),
and w(u) be nondecreasing in u, u < w(u). Suppose that for some ¢ > 0
and 0 < tg <t,

u(t) §c+/ /\o(s)u(s)ds+/ A1L(s)w(u(s))ds

to to

N / No(s) / ") + Ma(r)w(u(r))

to to

+2s(7) / " \o(r)ulr)dr)drds.

to
Then, we have

utt) < W W) + / t (o) + M (5) + dals) / () + ()

to to

+5(7) /T )\G(r)dr)d7> ds},

to

where tg < t < by, W, W~ are the same functions as in Lemma 1.8,
and

by = sup {t > to: Wie) + ftt (Mo(s) + A1(s) + Aa(s) [ (As(7)
FA(T) + As(7) [y Ag(r)dr)dr)ds € domW |,

COROLLARY 1.12. Let u,\; € C(R™) for 0 < i < 6, w € C((0,00))
and w(u) be nondecreasing in u, u < w(u). Suppose that for some ¢ > 0,

t ¢
u(t) §c+/ Al(s)u(s)der/ Aa(s)w(u(s))ds

to to

+ / t A3(s) / S Aa(T)u(r)drds + / t As(s) / S A(T)w(u(7))drds,

to to to to

0<ty<t.



Perturbations of functional differential systems 231
Then

u(t) < W [W(o) + / t ()\1(3) + Xo(s) + Ag(s) / " a(r)dr

to to

S
+X5(s) )\6(7')d7) ds] ,
to
where ty <t < by, W, W~ are the same functions as in Lemma 1.8,
and

bi = sup {t >ty W(e) + [ (M (s) + Aa(s) + As(s) fy2 Aa(r)dr

+A5(5) [ No(r)dr)ds € domw—l}.

2. Main Results

In this section, we study the boundedness and uniform Lipschitz sta-
bility for solutions of the perturbed functional differential systems via
too-similarity.

To obtain bounded properties and ULS, the following assumptions
are needed:

(H1) f.(t,0) is teo-similar to fr (¢, x(t,tg,x0)) for t > to > 0 and
|zo| < ¢ for some constant 6 > 0.

(H2) The solution = = 0 of (1.1) is hS with the increasing function h.

(H3) w(u) is nondecreasing in u such that u < w(u) and lw(u) <
w(®) for all v > 0.

(H4) The solution = 0 of (1.1) is ULSV.

THEOREM 2.1. Let (H1)-(H3) be satisfied. Assume that g in (1.2)
satisfies

(2.1) l9(t, 5 Tiw)| < a(®)ly(®) + 1 Tay(t)],
(2.2) Tiyt)] < b(0) | kly()lds
(2.3) t

0, y(0) Toy(0))] < clOlly() + dt) [ ps)wlly(e))ds + [Toy(t)],
and

(2.4) Tay ()] < m(t)]y(t)] +n(t)/t q(s)ly(s)lds,
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where a, b, c,d,k,m,n,p,q € C(RT)NLY(RY), w € C((0,00)), Ty, Ty are
continuous operators. Then, any solution y(t) = y(t,to,yo) of (1.2) is
bounded on on [ty, o) and it satisfies

s

ol < hOW W) e [ (o) +mis)+ [ 0o

to to

+b(7) /T k(r)dr)dT + d(s) / p(T)dT + n(s) /s q(T)dT) ds} ,

to to to

s

where tg < t < by, ¢ = c1|yo| h(to) L, W, W1 are the same functions
as in Lemma 1.8, and

by = sup {t >ty : W(e) + 2 ftl; (c(s) +m(s) + f;)(a(T) +
ft r)dr)dr + d(s ft T)dT +n )ftf) q(T)dT) ds € domW_l}.

Proof. Let x(t) = x(t,to,yo) and y(t) = y(t,to,y0) be solutions of
(1.1) and (1.2), respectively. By Theorem 1.6, since the solution z = 0
of (1.1) is hS, the solution v = 0 of (1.3) is hS. Therefore, from (H1),
the solution z = 0 of (1.4) is hS by Theorem 1.7. Using the nonlinear
variation of constants formula due to Lemma 1.5, together with (2.1)-
(2.4) and (H2), we have

ly(@)] < [=()] + |‘I’(L‘ s,y(s ))|< !9(7 y(7), Tay(T))|dT
+|h(5 y(s), Toy(s)) |)ds

< alwlh®h(t0) " + [ eannts) ([ (alr)lu(r)

+b(7) /T k(T)Iy(T)IdT)dT+d(S)/ p(r)w(ly(r)[)dr

to to

m(s)[y(s)| + e(s)w(ly(s)]) + n(s) / ) o(ly()|dr) ds.

to
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By (H3), we obtain

(0] < exlil ) htt0) ™+ [ ca(t) (m(s) L3 4 L)

to

° ly(7)] T y(r)]
+/to (a(T) hr) + b(7) /to k(r) Y dr)dr

* o y(7)]
o) )dT + n(s) /to q(T) h(r) d’T)dS.

Define u(t) = |y(t)|h(t)~!. Then, an application of Corollary 1.10, we
yields

s

w01 < W= W+ [ (e60) +mis) + [ (et

+b(7) /T E(r)dr)dT + d(s) / p(T)dT 4+ n(s) /S q(T)dT> ds}

to to to

where ¢ = c1|yo| h(to)~!. Hence the above estimation obtains the desired
result since the function h is bounded, and so the proof is complete. [

REMARK 2.2. Letting b(t) = d(t) = m(t) = n(t) = 0 in Theorem 2.1,
we obtain the similar result as that of Theorem 3.3 in [12].

THEOREM 2.3. Let a,b,c,d,k,m,q € C(R") and let (H1)-(H3) be
satisfied. Assume that g in (1.2) satisfies

(2.5) 19(s,y(s), T1y(s))lds < a()|y(®)] + [Try(?)],

to

(2.6) Ty (t)] < b(t)/ k(s)ly(s)lds,

to

(2.7) [n(t, y(t), Tay(t))| < b(t)w(ly(t)\)er(t)/ c(s)ly(s)lds + [Tay(t)];

to

and
(2.8) Toy(t)] < m(t)|y(t)] + d(t)/t a(s)w(ly(s)[)ds,

where a,b,c,d,k,m,q € L*(R"), w € C((0,00)), Ty, T> are continuous
operators. Then, any solution y(t) = y(t,to,yo0) of (1.2) is bounded on
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[to, 00) and it satisfies
wanShww*ﬂww»+wl¢@@w+mg+m@>
+b(s) /t (e(r) + k(7))dr + d(s) /t ) o)) ds].

where tg < t < by, W, W~ are the same functions as in Lemma 1.8,
and

blzsup{t>t0:W( +szt< )+ b(s) +m(s)
(s) J;2 (el )dr + d(s) Jy, a(r)dr ) ds € domW !},

Proof. Let x(t) = x(t,to,yo) and y(t) = y(¢,t0,y0) be solutions of
(1.1) and (1.2), respectively. By the same argument as in the proof in
Theorem 2.1, the solution z = 0 of (1.4) is hS. Applying the nonlinear
variation of constants formula due to Lemma 1.5, together with (2.5)-
(2.8) and (H2), we have

W(®)] < exlyolh(t) hto) ™! /@h ) (alo)ly

+b(s)/tj( o(r) + k() |y(7)|dr + d(s /t o(r

+m(s)ly(s)| + b(S)w(ly(S)l))dS-
It follows from (H3) that

~+

(0] < el h(t0) " + [ cah(t){(als) + m(s)
|

Ho b0 [ et + k) e

+d(s) /ts q(T)w(|ZE:;|)dT)ds.

Set u(t) = |y(t)|h(t)~!. Then, by Corollay 1.12, we obtain

W01 < bW (W) e [ (als) +06) + ms)
#0() [[(elr) + k)dr +d(s) [ alryar)as],
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where ¢ = c1|yo|h(to)~!. Thus, any solution y(t) = y(t,to, yo) of (1.2) is
bounded on [tg, 00), and so the proof is complete. O

REMARK 2.4. Letting d(t) = m(t) = 0 in Theorem 2.3, we obtain the
similar result as that of Theorem 2.2 in [11].

THEOREM 2.5. Let (H3) and (H4) be satisfied. Assume that the
perturbing term g in (1.2) satisfies

(2.9) 9ty Tay)| < a(®)]y(@)] + [Try(?)],

(2.10) Tuyt)] < b(0) | kly(lds

(211) Rt y(8), Toy(t)] < b(Ew(ly(®)]) +n()y(®)] + [Toy(),
and

(212)  |T(t) < / A(s)\y(s)|ds + / () (|y(s))ds,

where a,b,c,d,k,n € C(R*) N LY(R'), w € C((0,00)), T1,T> are con-
tinuous operators, and

M(to) =W1 [W(M) v [0 (b(s) +n(s)
(2.13) . " .
+ /t (a(T) + (1) + d(1) + b(7) t k‘(r)dr)dT) ds} ,

where M (tg) < oo and by = co, tg <t < by, and W, W1 are the same
functions as in Lemma 1.8. Then the zero solution of (1.2) is ULS.

Proof. Let x(t) = x(t,to,yo) and y(t) = y(t,t0,y0) be solutions of
(1.1) and (1.2), respectively. By (H4), it is ULS. Applying the nonlinear
variation of constants formula due to Lemma 1.5, together with (H3),
(2.9)-(2.12), we obtain

Iy(T)I)

Yol

t s T
o) < Mool + [ Mtaol ([ (Gatr) + atr) B+ ety

to |y0|

N RN 5 R O I
+b(¢)/t0 k() 5 Ehdryar + n(s) 5 2 4 (st ) )ds.
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Let u(t) = |y(t)||yo|!. Then, by Corollary 1.11, we have

t

)] < oW W) +0 [ (bls) + )+ (a(r) + ()

to to

+d(7) + b(r) / ' k(r)dr)ar ) ds].

to
Thus, by (2.13), we obtain |y(t)| < M(to)|yo| for some M (ty) > 0 when-
ever |yp| < . This completes the proof. O

REMARK 2.6. Letting b(t) = ¢(t) = d(t) = n(t) = 0 in Theorem 2.5,
we obtain the similar result as that of Corollary 3.2 in [5].

THEOREM 2.7. Let (H3) and (H4) be satisfied. Assume that the
perturbing term g in (1.2) satisfies

t

(2.14) ot v(5). Tup(s)lds < aft)ully()) + Tiy(o)
t
(2.15) Tyy()] < m(t) / p(s)w(y(s)))ds,
to
(216) |t y(). Toy(B)] < c(t)]y(t)] + dByu(ly(®)]) + | Tay(®)],
and

t

t
(217)  |Tay(t)] Sb(t)/ q(s)!y(s)ld8+m(t)/ n(s)w(|y(s)|)ds,

to to
where a,b,c,d,m,n,p,q € C(RY) N LY R*), w € C((0,00)), Ty, Ty are
continuous operators, and

M(to) =w! [W(M) +M h (a(s) + c(s) + d(s)

(2.18) fo

S

4 b(s) / " g()dr 4+ m(s) /

to to

(n(r) + p(r))dr ) ds|.

where M (ty) < oo and by = 0o, to <t < by, and W, W~ are the same
functions as in Lemma 1.8. Then the zero solution of (1.2) is ULS.

Proof. Let x(t) = x(t, to,yo) and y(t) = y(¢,t0,y0) be solutions of
(1.1) and (1.2), respectively. By (H4), it is ULS. Using Lemma 1.5,
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together with (H3) and (2.14)-(2.17), we obtain

ly()] < Mlyol + [ Mlyo| <C(3)M + (a(s) + d(s))w(w)

to Yol Yol
* oyl ° ly(7)]
+b(s) /to Q(T)WdTer(S) /to (n(1) + p(1))w( ol )d7>d«9‘

Define u(t) = |y(t)||yo|~!. Then, from an application of Corollary 1.12,
we have

t

[y(8)] < lyol W [W (M) + M [ (als) + e(s) + d(s)
to

+b(s) /t " g(r)dr + m(s) /t (n() + p(r))dr ) ds].

Hence, by (2.18), we obtain |y(t)| < M(to)|yo| for some M(ty) > 0

whenever |yo| < §. Thus the theorem is proved. O

REMARK 2.8. Letting b(t) = ¢(t) = n(t) = 0 in Theorem 2.7, we
obtain the similar result as that of Theorem 3.6 in [6].

Acknowledgement. The author is very grateful for the referee’s
valuable comments.
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